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Semi-analytical and Dual-domain Method
As Matrix Diffusion Modeling Tools

Abstract
• Dual-domain and semi-analytical method are two modeling approaches to capture matrix
diffusion.
• The dual-domain method is embedded in the popular transport codes MT3DMS.
• The semi-analytical method is the modeling engine behind REMChlor-MD.
• In systems of parallel fractures, the semi-analytical method was highly accurate without any
calibration needed.
• The dual-domain method was not accurate at large fracture spacing. At small fracture
spacing, the method’s accuracy is time-dependent and may require calibration of the mass
transfer coefficient.
• Dual-domain’s accuracy decreased when decay and retardation was considered.
• The semi-analytical method maintained its accuracy with or without decay and retardation.

Varying Decay and Adsorption Rate
Simulations
•
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•

Varying Fracture Spacing Simulations

•

Semi-analytical method does not require calibration of matrix diffusion parameters:

•

𝑏𝑏
𝑎𝑎 − 𝑏𝑏
𝑉𝑉𝑓𝑓 = ;
1 − 𝑉𝑉𝑓𝑓 𝑉𝑉 = 𝐴𝐴𝑚𝑚𝑚𝑚 𝐿𝐿;
𝐿𝐿 =
𝑎𝑎
2
Dual-domain method does not work at large fracture spacing and requires calibration at
small fracture spacing. It only works without calibration in highly advective systems.

•

Comparison was repeated for seven other
fracture spacing cases (9 cases total).
Semi-analytical method maintained a low
normalized root mean square error (NRMSE) on
both linear and log scale, without calibration.
Dual-domain’s accuracy was dependent on
fracture spacing.
Dual-domain’s accuracy was only competitive at
a = 0.2 m and a = 0.1 m.
Dual-domain still required calibration of β to
improve fit, when characteristic diffusion time
was reasonable.

FIGURE 5: Error comparison in fracture spacing range.

Dual-domain vs. Semi-analytical

Dual-domain mass balance equation, solved internally by MT3DMS model:

𝜕𝜕𝜕𝜕
𝜕𝜕𝐶𝐶𝑙𝑙
𝑉𝑉𝑓𝑓 𝜙𝜙𝑓𝑓 𝑅𝑅
= −∇. 𝒒𝒒𝐶𝐶 + 𝑉𝑉𝑓𝑓 𝜙𝜙𝑓𝑓 𝑫𝑫∇2 𝐶𝐶 − 𝜆𝜆𝜙𝜙𝑓𝑓 𝑉𝑉𝑓𝑓 𝐶𝐶 − 𝑚𝑚̇ ℎ𝑘𝑘→𝑙𝑙𝑙𝑙
+ 1 − 𝑉𝑉𝑓𝑓 𝜙𝜙𝑙𝑙 𝑅𝑅𝑙𝑙
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

Dual-domain first order mass transfer equation:
𝑚𝑚̇ ℎ𝑘𝑘→𝑙𝑙𝑙𝑙

𝜕𝜕𝐶𝐶𝑙𝑙
= −𝑚𝑚̇ 𝑙𝑙𝑙𝑙→ℎ𝑘𝑘 = 1 − 𝑉𝑉𝑓𝑓 𝜙𝜙𝑙𝑙 𝑅𝑅𝑙𝑙
= 𝛽𝛽 𝐶𝐶 − 𝐶𝐶𝑙𝑙 − 1 − 𝑉𝑉𝑓𝑓 𝜆𝜆𝑙𝑙 𝜙𝜙𝑙𝑙 𝐶𝐶𝑙𝑙
𝜕𝜕𝜕𝜕

FIGURE 6: Error comparison when decay was considered.

Dual-domain mobile and immobile porosity:
𝜙𝜙𝑚𝑚𝑚𝑚 = 𝑉𝑉𝑓𝑓 𝜙𝜙𝑓𝑓 ;

For parallel fractured system only:

𝜙𝜙𝑖𝑖𝑖𝑖 = 1 − 𝑉𝑉𝑓𝑓 𝜙𝜙𝑙𝑙
3𝜏𝜏𝑙𝑙 𝐷𝐷𝑤𝑤 𝜙𝜙𝑖𝑖𝑖𝑖
𝛽𝛽 =
(𝑎𝑎/2)2

Note: the mass transfer coefficient is a time-dependent calibrating parameter.

FIGURE 3: Comparisons at fracture spacing, a = 10 m.

FIGURE 7: Error comparison when retardation was considered.
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FIGURE 1: Characteristic diffusion time over fracture spacing
range.
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FIGURE 2: Dual-domain conceptual model.

Semi-analytical mass balance equation, solved internally by REMChlor-MD:

Conclusion

𝜕𝜕𝜕𝜕
𝑉𝑉𝑓𝑓 𝜙𝜙𝑓𝑓 𝑅𝑅
= −∇. 𝒒𝒒𝐶𝐶 + 𝑉𝑉𝑓𝑓 𝜙𝜙𝑓𝑓 𝑫𝑫∇2 𝐶𝐶 − 𝜆𝜆𝜙𝜙𝑓𝑓 𝑉𝑉𝑓𝑓 𝐶𝐶 + 𝑚𝑚̇ 𝑚𝑚
𝜕𝜕𝜕𝜕

Semi-analytical matrix diffusion mass rate:
𝑚𝑚̇ 𝑚𝑚

𝜕𝜕𝐶𝐶𝑙𝑙
𝐶𝐶 𝑡𝑡+Δ𝑡𝑡
= 𝐴𝐴𝑚𝑚𝑚𝑚 𝜙𝜙𝑙𝑙 𝜏𝜏𝑙𝑙 𝐷𝐷𝑤𝑤
|𝑧𝑧𝑙𝑙=0 = 𝐴𝐴𝑚𝑚𝑚𝑚 𝜙𝜙𝑙𝑙 𝜏𝜏𝑙𝑙 𝐷𝐷𝑤𝑤 −
+ 𝑝𝑝
𝜕𝜕𝑧𝑧𝑙𝑙
𝑑𝑑

FIGURE 4: Simulation results at a = 2 m.

Semi-analytical fitting function:

FIGURE 4: Comparisons at fracture spacing, a = 2 m.

𝐶𝐶𝑙𝑙 (𝑧𝑧𝑙𝑙 , 𝑡𝑡) = (𝐶𝐶 𝑡𝑡+Δ𝑡𝑡 + 𝑝𝑝𝑧𝑧𝑙𝑙 + 𝑞𝑞𝑧𝑧𝑙𝑙2 )𝑒𝑒 −𝑧𝑧𝑙𝑙/𝑑𝑑

Parameters p and q are solved by enforcing fitting function to satisfy mass conservation at the interface
and in the low permeability material.

When 10-year half-life plume decay was considered, the dual-domain’s error prior to calibration increased.
When 1-year half-life plume decay was applied, the dual-domain’s error prior to calibration increased still.
When the decay was fast, dual-domain relied heavily on calibration to be accurate.
In case of slow decay, semi-analytical method’s error was comparable to when decay was not considered.
In case of fast decay, semi-analytical method’s error increased but it was still lower than dual-domain’s.
When retardation was considered, dual-domain’s error prior to calibration also increased, though not by as
much as in case of decay.
Higher adsorption rate exacerbated dual-domain’s error, resulting in higher NRMSEs prior to calibration.
Semi-analytical method’s error in case of retardation was consistent to when retardation was not considered.
At the smallest fracture spacing in case of retardation, semi-analytical method’s error increased slightly to
above 5% but still much lower than dual-domain’s.

•
•
•

At a = 10 m, dual-domain was unable to match analytical solution at all times.
At a = 2 m, the characteristic diffusion time was only 30 years so dual-domain matched analytical
solution at later times. Calibration was necessary to improve fit at all times.
The semi-analytical method matched analytical solutions at both fracture spacing and at all times.

The semi-analytical method is a better choice to simulate transport in parallel fractured
systems with or without retardation and decay. It can simulate highly accurate concentration
profiles that capture the effects of matrix diffusion. The method does not require calibration
because matrix diffusion parameters can be computed directly from geometry. The dualdomain method’s quasi-steady state assumption is crude and only works at fracture spacing
less than 1 m. At medium fracture spacing, calibration is required to improve fit.

